This work presents some results on the application of the Immersion & Invariance (I&I) approach proposed for stabilization of nonlinear systems to the case of mechanical systems with kinematic constraints. We consider only smooth state-feedback control laws and thus, by Brockett's necessary condition, restrict our attention to deriving an I&I controller that achieves smooth stabilization of an equilibrium manifold. As is well-known, the design of I&I controllers requires the solution of some partial differential equations. A second contribution of our work is to obviate this obstacle, giving explicit control laws for a class of nonholonomic mechanical systems, which include the knife-edge and the rolling wheel. The approach is illustrated with the well-known knife-edge example.
INTRODUCTION
The approach of Immersion and Invariance (I&I) for the stabilization of nonlinear systems was originated in Astolfi et al. (2003) and was further developed in a series of publications that have been recently summarized in Astolfi et al. (2007) . In the I&I approach the desired behavior of the system to be controlled is captured by the choice of a target dynamical system. The control objective is to find a controller which guarantees that the closedloop system asymptotically behaves like the target system achieving asymptotic model matching. This is formalized by finding a manifold in state-space that can be rendered invariant and attractive, with internal dynamics a copy of the desired closed-loop dynamics, and designing a control law that steers the state of the system towards the manifold. The success of this methodology is witnessed by the wide range of applications which vary from electrical and mechanical to electromechanical systems, including power systems, power converters and flexible joint robots. Some latest developments have extended the technique for stabilization in Acosta et al. (2008) , Sarras et al. (2010a) , Sarras et al. (2010b) , speed observation of mechanical systems in Astolfi et al. (2010) as well as adaptive control of nonlinearly parameterized systems in Liu et al. (2009) . Finally, it has been successfully applied to the flight control of autonomous aircrafts in Karagiannis and Astolfi (2010) . However, this approach has not been applied to the case of mechanical systems with nonintegrable kinematic constraints, called nonholonomic mechanical systems, which is the objective of the present work.
Control of mechanical systems has always been a core subject of research and a lot of different techniques have been presented in the literature for the stabilization of these systems. Due to their ubiquity and the complexity of their dynamic behaviour, particular interest has been paid to nonholonomic mechanical systems, see Bloch (2003) , Neimark and Fufaev (1972), van der Schaft (1994) and references therein. It has been proven that for this class of systems it is impossible to stabilize a single equilibrium point by a smooth controller and hence, we can only achieve stabilization to an equilibrium manifold Bloch (2003) . The main results on smooth stabilization of nonholonomic systems are based on energy-shaping and the preservation of the mechanical nature of the corresponding dynamical equations. If the system is described as an Euler-Lagrange system the Controlled Lagrangian method is the natural candidate, see Bloch (2003) , while if it is in Hamiltonian form the corresponding approach is Interconnection and Damping Assignment Passivity Based Control (IDA-PBC), see Blankenstein (2007) . In both cases the conditions for existence of the controllers are given by a set of partial differential equations (PDEs) called the matching conditions.
In this work we are interested in applying the I&I methodology for the smooth stabilization of nonholonomic mechanical systems. In Section 2 we provide the necessary background for the modeling of nonholonomic mechanical systems as Hamiltonian systems and set the objective of stabilization to an equilibrium manifold. In Section 3 we present the main theorem on I&I stabilization of nonholonomic systems and discuss on the set of PDEs, called the immersion condition PDEs, that need to be solved. Moreover, for a class of nonholonomic mechanical systems we propose a general control law under the assumption that we can find a solution to the aforementioned PDEs. In Section 4 we apply the proposed approach to a well known example and show the simulation results. In Section 5 we state the conclusions and define some directions of future work.
PORT-HAMILTONIAN MODELLING OF NONHOLONOMIC MECHANICAL SYSTEMS
We consider n degree of freedom nonholonomic mechanical systems modeled in Hamiltonian form as (Σ) :
where A : R n → R n×k , rank(A)= k and k ≤ n. Moreover, as usual we define by q ∈ R n , p ∈ R n the generalized positions and momenta respectively, while u ∈ R m denotes the controlled forces acting on the system. Further, the Hamiltonian function H : R n × R n → R corresponds to the total energy of the system and is given as
with M = M ⊤ > 0 the mass matrix. We consider the class of underactuated mechanical systems where G = G(q) ∈ R n×m has constant rank m < n.
As was shown in van der Schaft (1994); Maschke et al. (1994) , the equations of motions of nonhonlonomic mechanical systems can be directly written as Hamiltonian equations on the constrained state-space. This is achieved by applying an appropriate coordinate transformation in the momenta given as
where
and the constrained Hamiltonian H r :
It is well known that (4) does not satisfy Brockett's necessary condition and thus, a desired equilibrium x * cannot be asymptotically stabilized by a smooth state feedback. As discussed in Bloch (2003) the best possible result one 1 We will write Vr = V for homogeneity of exposition. can achieve by smooth state-feedback is stabilization to an equilibrium manifold. Hence, we will focus our attention on the smooth asymptotic stabilization of the system Σ r of (4) to the equilibrium manifold
also called relative equilibria.
I&I STABILIZATION OF RELATIVE EQUILIBRIA
The objective of the Immersion and Invariance approach is to make the closed-loop system asymptotically behave as a lower order system, called the target system, with appropriate stability properties. In the case of nonholonomic mechanical systems described in Hamiltonian form it seems appropriate to choose these desired dynamics to also preserve the Hamiltonian structure and evolve in a 2(n − k) dimensional space. Moreover, since we are interested in the asymptotic stabilization to the manifold M s a dissipative term will be included in the target dynamics. Hence, the target system is selected as
is the target mass matrix and R t :
is the target damping matrix. Now, similarly to Astolfi et al. (2003) we can state the following theorem. Theorem 1. Consider the system (4) and assume we can find mappings π :
The target system (7) has an asymptotically stable equilibrium point at ξ = (ξ * q , 0), and x * = π(ξ * ) with
(H4) (Manifold attractivity and trajectory boundedness) All trajectories of the systeṁ
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with z = φ(x) defining the distance from the manifold M, are bounded and satisfy lim t→∞ z(t) = 0.
Then M s = {(q,p 1 ) |p 1 = 0} is an asymptotically stable equilibrium manifold of the closed-loop systeṁ
Proof. The proof follows verbatim the steps in Astolfi et al. (2003) , Astolfi et al. (2007) .
OBVIATING THE PDES
In this section, inspired by the construction suggested in Acosta et al. (2008) , Sarras et al. (2010b) , a procedure to avoid the solution of the PDE's is proposed. Let us take a more detailed look into the form of the immersion condition PDEs. To this end, let us partition the configuration variables and the mapping π 1 as
with q 1 ∈ R n−k , q 2 ∈ R k and π 11 :
Then correspondingly the matrix S(q) is partitioned as
with
(16) Now that we have put more structure to our equations, we can write the immersion condition (9) as
If the matrix G r has full column rank then multiplying (19) on the left by the full rank matrix
, with G ⊥ r denoting a full rank left annihilator of G r , yields the additional PDE to be solved
Moreover, we get the form of the control law
that renders the manifold x = π(ξ) invariant. Additionally, notice that (20) can be split into a potential energy (PE) and a kinetic energy (KE) PDEs, as in the case of of the energy-shaping approaches:
(KE-PDE):
(PE-PDE):
In this work we will restrict our attention to the class of nonholonomic mechanical systems that satisfy the following conditions. Hypothesis 2. The restricted input force matrix G r (q) is square and invertible
Hypothesis 3. The matrices M , S depend only on the q 1 coordinates, i.e., M r = M r (q 1 ) and S = S(q 1 ).
Examples of physical systems that satisfy these conditions are the knife edge, the vertical wheel and the knife edge on an inclined plane. Under hypothesis 2 the PDE (20), or equivalently the kinetic and potential energy PDEs (22) -(23), does not appear and thus, our objective is to find a mapping π 12 such that (17),(18) are satisfied. Now, to satisfy the stability condition of (H1), the following hypothesis-that ensures H t (ξ) is a Lyapunov function for Σ t -is imposed Hypothesis 4. (i) The potential energy function V t (ξ q ), satisfies ∇V t (ξ q * ) = 0 and ∇ 2 V t (ξ q * ) > 0. (ii) The damping matrix is such that R t (ξ q * , 0) > 0.
Moreover, let us consider the following choice of the immersion π as
In this case and under hypothesis 3, the PDE (17) gives
and can be trivially satisfied by appropriate choices of the matrices Λ, M t . Additionally, by choosing the form of π 12 as
(26) with φ 1 : R (n−k) → R k×(n−k) and φ 2 : R (n−k) → R k , the PDE (18) takes the form
Equating the terms of the same dependence in ξ q , ξ p finally gives the following conditions:
where we partitioned the target damping matrix as
. Thus, one procedure to solve algebraically the above equations is as follows:
• Find matrices Λ, M t such that (25) is satisfied.
• Find a mapping φ 1 and a function V t , that satisfies hypothesis 4, such that (30) holds.
• Find an appropriate matrix R 2 t such that (29) holds.
• Propose a mapping φ 2 and a matrix R 1 t , that satisfies hypothesis 4, such that (28) is satisfied.
We now define the so-called off-the-manifold coordinates z as z q 2 − π 12 (q 1 ,p 1 ), (31) whose dynamics is given aṡ
(32) Since ψ ∈ R n−k and G r is assumed to be invertible, we have that the choice of the control law
renders the z-dynamics aṡ
and thus, ensures global attractivity of the manifold φ(x) = 0. The full control expression is given as
3 We denote the right generalized inverse of a matrix A ∈ R k×(n−k) as A + ∈ R (n−k)×k .
Hence, we need to choose an appropriate mapping π 12 of the form (26) such that its gradient doesn't vanish identically and thus, assign freely the closed-loop orthogonal dynamics. We can now state the following proposition. Proposition 5. For any mapping π 12 given by (26), with a bounded and non-vanishing gradient, matrix Λ and functions V t and R t satisfying (25), (18) while verifying hypothesis 4, the equilibrium manifold M s = {(q,p 1 ) |p 1 = 0} of the nonholonomic mechanical system (4) with the I&I controller (35) is (locally) asymptotically stable.
Proof. Since we suppose that there exist solutions of the immersion PDEs (25), (18) while satisfying Hypothesis 4, by Theorem 1 we only need to prove boundedness of trajectories for the extended (x,z) system. To this end, we observe that the (q,p 1 )-dynamics in closed-loop with the controller (33) are given by
and we remind that the z-dynamics are given byż = −Γz with Γ = Γ ⊤ > 0. From simple cascade arguments, we have that system (36) consists of an asymptotically stable part disturbed by an exponentially decaying term and thus, we show (local) asymptotic stability of the (q 1 ,p 1 ,z) system with respect to the equilibrium manifold. Moreover, from the definition (31) we have that q 2 = z + π 12 (q 1 ,p 1 ) and since z(t) converges exponentially to zero while q 2 (t) → q
PHYSICAL EXAMPLE
The knife edge is a simple example of a mechanical system with one kinematic constraint. It has been studied extensively in the mechanics and control literature, see for example Bloch (2003) , Neimark and Fufaev (1972) . We consider the control of the knife edge moving in point contact on the plane. The constrained Hamiltonian q φ χ y (q χ ,q y ) Fig. 1 . Knife edge equations of motion are given by (4) with q 1 =col(q φ , q χ ) , q 2 = q y and where (q χ , q y ) denote the Cartesian coordinates of the contact point while q φ is the heading angle of the knife edge. Moreover, we define asp 1 =col(p 11 , p 12 ) the new momenta, u 1 the control in the direction of the heading angle and u 2 the control torque about the vertical axis. For this example we have that
and the constrained Hamiltonian function takes the form
From the immersion condition we have that
where we denoted ξ p =col(ξ 1 ,ξ 2 ). A trivial choice to satisfy the above equation would be to take M t = I 2 and thus, we get Λ = 1 0 0 cos(ξ φ ) and
Hence,
(ξ q ), and using the above choices of H t , Λ in (28) gives
Now, in order to satisfy (38) and (30) a simple possibility is to choose the mappings
e. π 12 = −r 1 ξ φ − ξ 1 , and the target potential energy V t as V t (ξ χ ) = 1 2 ξ 2 χ with r 2 = sin(ξ φ ), constant r 1 > 0 and r 3 such that r 1 r 3 > 1 to ensure positive definiteness of the dissipation matrix R t . It is straightforward to derive that the equilibrium manifold of the target system is given as M t = {p * 1 = 0, cos(q * φ )q * χ = 0}. Writing the explicit form of the z-dynamics (32) for the knife edge yieldṡ z = r 1p12 + sin(q φ )p 12 + ψ 2 (x, z).
(39) Thus, according to (33), by choosing ψ 2 (x, z) = −Γz − r 1p12 + sin(q φ )p 12 , for a constant Γ > 0 ensures that all trajectories of the orthogonal dynamics converge exponentially to zero as in (34) . From the target equilibrium manifold M t and the definition of z we have that the equilibrium manifold for the closed-loop system is
The control law to be applied has the form ψ 2 (x, φ(x)) = −Γ(q y +r 1 q φ +p 12 sin q φ )−r 1p11 −p 12 sin q φ . Hence, only the second element of the control vector is used to ensure the attractivity of the manifold φ(x) = 0. The first element is derived from the part of the control law that renders the manifold invariant in (21). It's explicit form is as follows:
The full control expression to be implemented is given as
Finally, for completeness of presentation we explicitly prove boundedness of trajectories of the extended system (11), (12). To this end we examine the following subsystem (Σ s ) :
with constant ǫ 1 , ǫ 2 > 0 and for appropriate choices of the free constants r 1 , r 3 and c. This proves the globally asymptotic convergence to the equilibrium manifold M t .
Finally, in order to show the effectiveness of the proposed control law we carried out extensive simulations. The simulation results are depicted in Fig. 2, 3 where a fast and smooth transient performance is observed.
CONCLUSIONS -FUTURE WORK
This work was a first attempt towards the stabilization of nonholonomic mechanical systems adopting the I&I perspective. We formalized accordingly the objective of stabilization to an equilibrium manifold and discussed the structure of the PDEs that need to be satisfied. Our theoretical developments were demonstrated on the knife edge example.
Future objectives consist of the following:
• Extend the results to cases of more general underactuated nonholonomic mechanical systems. • Provide verifiable conditions for the solvability of the PDEs arising from the immersion condition.
• Adopt a time-varying approach for the I&I stabilization of a single equilibrium point for nonholonomic mechanical systems.
